[ Introduction ]

The Nyquist-Shannon sampling theorem states that
every bandlimited signal is uniquely determined by its
samples taken uniformly at a rate of at least twice the
bandwidth of the signal. The bandwidth follows from
analyzing the signal by Fourier transform (FT) in the
whole duration of the signal and thus can be consid-
ered as the global bandwidth. Such analyze, however,
does not provide information about time-varying fre-
quency content of the signal, which in turn could be
used to sample the signal in signal-dependent way with
more samples taken at high frequency regions and less
samples — in low frequency regions.

Considering this signal-dependent sampling problem,
we propose an extended sampling theorem, which
states that signals can be sampled non-uniformly and
then perfectly reconstructed if their spectrums ob-
tained by an extended Fourier transform (EFT) are
bandlimited. Since, according to the theorem, the
sampling instants are determined by the function used
in EFT, the aim is to find such a function which re-
flects the time-varying (local) bandwidth of the sig-
nal. This, in comparison to uniform sampling, allows
reducing the number of samples required to represent
non-stationary signals.
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SIGNAL SAMPLING ACCORDING TO TIME-VARYING

[ 1 Extended sampling theorem ]

[n [1] definitions of extended Fourier transform (EFT) and inverse EFT are given:

Sliog) = Fls(t)g(t] = [~ Semtay )
and oo |
s(t) = F11S(wy), 9(0)] = o~ /_  S(ap)el O, 2)

where S(wy) is the EFT spectrum of s(t), g(t) is a positive function and m(t) = fot ﬁdr

Proposition of the extended sampling theorem: every bandlimited to |—{2, £2]
signal s(t) is uniquely determined by its samples s(t,) taken at instants t,, = m~!(nY") with

a sampling step 1" < Ql The reconstruction formula is
g

©.0)

> sltp)sine(z=(m(t) — mf(ty))) (3)

n=——oo

s(t) =

S|

In this theorem, the signal is bandlimited if the spectrum S(wy) is zero outside the band
|— 824, £24]. The special case when m(t) = t leads to classical uniform sampling.

Example: EFT of si(t) = Zlel Ajcos(kym(t)) with coeflicients 0 < k1 < ko < --- < ky, is
S1(wg) = Zlel Am(d(wg + k) + 6(wg — Ky)). 1t follows the signal is bandlimited and can be
represented by samples taken at ¢, = m~1(nY), T = n/k; (Figure 1).
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2 Signal-dependent sampling

3 Maximum instantaneous
frequency

J .

Aim is to find such function fmax(t) which reflects the time-varying
bandwidth of the signal. Given this function, m(t) is found as

t A
m(t) = 27T/O frmaz(T)dT

and signal samples are taken at t,, = m_l(nT) with sampling step 1
determined by the bandwidth of EFT spectrum of the signal.
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FIGURE 2: Example of fmax(t) obtained from TFR of the speech

signal.

Given a signal

L
s(t) = ) Ajcos(®(t)) (5)
=1

(4) 2l

with constant amplitudes A; and monotonically increasing functions
@;(t), a maximum instantaneous frequency fiqz(t) of s(t) is defined
as having values

fmaz(T) = max(f1(7), fa(7), ..., fL(7)) (6)

at any given t = 7. Functions f;(¢) are instantaneous frequencies of
cosines in (5).
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FIGURE 3: Maximum instantaneous frequency fiqz(t).
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5 Numerical results ]

The first signal (blue line in Figure 5a)
is composed of three cosines with time-
varying frequencies and the second signal
(blue line in Figure 5d) is a real up to 49
Hz low-pass filtered EEG signal.
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- The first step before sampling is to
estimate the maximum instantaneous

FIGURE 1: Sampling according to m(t):
taken at t, = m~1(n?).
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[f no frequencies f;(t) are given or the signal differs from (5), then the
idea is to decompose the signal into a finite number of Intrinsic Mode
Functions (IMFs) using the Empirical Mode Decomposition (EMD)
In result the first IMF is found and a smoothed version of its
instantaneous frequency (IF) is then assumed to be the estimate of
the instantaneous maximum frequency of the signal s(¢).
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FIGURE 4: Estimation of fma;,;(t) of the signal.
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frequency of the signal (black lines in
Figures 5b and 5e).
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- After estimation the sampling follows
and the reconstructed signal accord-
ing to (3) is found. The error signals

s(t)—5(t) are shown in Figures 5a and
bd by the black lines.
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- The precision of reconstruction im-

proves as the sampling step 7/{2; de-
creases, i.e., the average number of
samples per second increases. This
is shown in Figures 5¢ and 5f by the
black lines, while the red lines corre-
spond to uniform sampling case.
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FIGURE 5: (a) and (d) — original (blue lines) and error (black lines) signals, (b) and (e) — estimated frequency
functions faz(t) as black lines, (¢) and (f) — RMS values of the error signals depending on the sampling step
/{2, i.e., the average number of samples per second (black lines correspond to signal-dependent sampling case
and the red lines — to uniform sampling case).
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[ Conclusions ]

The results show that adaptation of sampling rate to
time-varying spectral content of the signal in the form
of estimated maximum instantaneous frequency of the
first EMD component allows obtaining better recon-
struction from less samples in comparison to uniform
sampling. Besides EMD method there may be other
techniques like spectrogram analysis or time-varying
filtering approach for finding more optimal frequency
functions providing more compact EFT spectrums of
the signal and thus requiring less samples to represent
the signal. This is the topic for further investigation.
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