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A B S T R A C T

The presented study is focused on laboratory Czochralski crystal growth experiments and their mathematical
modelling. The developed small-scale CZ crystal growth furnace is described as well as the involved automation
systems: crystal radius detection by image recognition, temperature sensors, adjustable heater power and crystal
pull rate. The CZ-Trans program is used to model the experimental results – transient, 2D axisymmetric si-
mulation software primarily used for modelling of the industrial-scale silicon crystal growth process. Poor
agreement with the experimental results is reached; however, the proven ability to perform affordable, small-
scale experiments and successfully model their transient behavior, creates a possibility to develop new process
automation solutions in the future.

1. Introduction

Mathematical modelling and computer simulations are modern
tools which enable the optimization and development of crystal growth
processes and their control systems. By using these methods, it is pos-
sible to obtain detailed information with high spatial resolution about
important physical parameters relevant to the growth process. Some of
these parameters are not even available for measurements during the
growth process (e.g. thermal stresses, crystallization interface shape,
and point-defect distribution) [1]. This information can be used for a
model-based control of the actual process, i.e. optimization of crystal
growth parameters by using a physical model instead of using con-
ventional signal processing techniques alone.

However, model-based control systems in the crystal growth have
been used only in a simplified way. To save computational resources,
the precision of developed mathematical models, i.e. the number of
solved equations, is significantly reduced [2]. If mathematical models
are implemented in their full complexity – using the finite-element
method (FEM) with ≈ 105 elements or a similar approach – they are
only used for the optimization of the PID control or to calculate process
parameter baseline values [3,4] and not for direct, online model-based
control.

The authors’ research group at the University of Latvia, Department
of Physics has developed mathematical modelling tools for transient,
2D axisymmetric simulation of the CZ crystal growth process [5,6]

primarily used for modelling of industrial-scale silicon crystals. The
developed software (CZ-Trans) is proposed as a foundation for a
model-based CZ process controller.

However, it is necessary to perform validation of the mathematical
model to ensure its relation to an actual crystal growth process by using
experiments. As mentioned before, industrial scale experiments are too
expensive to be considered as a routine tool for the mathematical model
development. Therefore, a small-scale laboratory CZ crystal growth
furnace has been built for the purpose of cost-effective validation of the
developed mathematical methods and further development of a model-
based controller.

2. Design of the experimental growth furnace

2.1. Furnace description

A laboratory crystal growth furnace with elements required for an
automatic control system has been constructed: an optical camera for
crystal size measurements, thermocouples for temperature measure-
ments as well as controllers for the pull rate, crystal rotation rate, and
heater power (Figs. 1a, b and 2a).

The crucible contains about 150 ml of NaCl-RbCl salt mixture with a
molar ratio of 40:60. This composition has eutectic properties which
allow for a relatively low melting point of 815 K[7,8]. The growth is
performed at pulling speeds around 0.5mm/min. Crystals can be grown
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with a diameter about 20 mm.
The low cost of the material, furnace construction and operation

allows to perform numerous experiments that will be necessary for the
development of the model-based control. Although the model-based
controller will most likely be targeted towards silicon CZ growth (CZ-Si)
applications, the developed furnace is a cost-effective alternative to
industrial CZ-Si experiments.

Although the crystal growth performed with this material first
seems considerably different from industrial CZ-Si growth processes
(size, temperature range, presence of atmosphere, translucency), the
system still exhibits all the physical phenomena that can be related to
the silicon crystal growth and does not have the drawbacks associated
with some liquid metals e.g. gallium and its eutectics. Namely, the
crystal growth can be performed in room conditions and does not re-
quire a shielding liquid or a pressure vessel to protect it from the air.
Additionally, the temperature field structure in our furnace is similar to
the industrial CZ process, contrary to gallium which melts at 30 °C and
might require cooling – instead of heating – to be used in crystal growth
experiments.

2.2. Experimental conditions

The experiment that is further analyzed was performed in the fol-
lowing way:

• The crucible is warmed up with heater coils at 850W until its
content is fully molten. A steel wire is embedded in the melt to act as
a seed for the crystal.

• After stable temperature conditions are reached, the heater power is
reduced to 750W to allow the crystallization to occur.

• When the crystal is starting to form, the heater power is again in-
creased to 800W and the puller is enabled with the velocity of
0.8mm/min. This corresponds to a crystal length of 0mm in Fig. 4

• To maintain a stable crystal radius, the power is reduced to 750W.
However an additional power drop to 700W is required to keep the
crystal radius above 4mm.

• Finally, the power is once again raised to 850W to reduce the crystal
radius and detach it from the melt. The grown crystal can be seen in
Fig. 3.

The experiment described above, however crude, serves as an ex-
cellent basis for the mathematical model validation performed in
Section 3. It features simple step-like power adjustments that makes
comparison between experiment and simulation easier.

2.3. Radius measurement

An essential part of the developed CZ growth system is the ability to
detect the size of the crystal being grown. It allows to introduce a
feedback loop to the control solutions being tested on this platform. The
crystal size detection is performed by the following steps illustrated in
Fig. 5.

• (a) An original image is obtained by illuminating the crucible
bottom with a laser beam to enhance meniscus visibility. A con-
siderable challenge is to maintain a precise illumination by ad-
justing the laser beam – high-contrast of the meniscus image is es-
sential to the further steps.

• (b) Image processing (brightness adjustment, noise removal) is
performed to obtain a monochrome image with the best possible
meniscus contrast.

• (c) A mask is defined with an approximate shape and size of the
bright meniscus region. The optimal eccentricity of the mask ellipsis
as well as the width of the line must be carefully calibrated to ensure
successful recognition.

• (d) A template matching algorithm [9] searches for the highest
correlation between the mask and image (the position shown in dark
red).

• (e) The size of the mask is adjusted to give the highest correlation.
This indicates that the correct crystal size is found.

• (f) As the growth process occurs, the crystal radius signal is regis-
tered and processed to remove any artifacts introduced by the
imaging system or the uneven growth process causing the crystal to
deviate from cylindrical shape.

The proposed method has been implemented by using a freely
available, non-commercial software Python[10]. This is an important
aspect of the small-scale furnace development as the use of commercial

Fig. 1. Photographs of the laboratory CZ crystal growth furnace.

Fig. 2. Overview of the experimental crystal growth furnace construction as
well as the simulated temperature field.

Fig. 3. Photograph of the grown crystal.

Fig. 4. Plot of experimental heater power and resulting crystal radius.
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software available on the industrial market would be impractical.
After obtaining the current crystal radius in pixels, a linear cali-

bration function is applied to calculate radius in millimeters. Although
this approach does not correct for various effects (an apparent radius
change due to a changing meniscus height or dropping melt level), it
gives reasonable precision of ± 0.2 mm when comparing with the pre-
cise crystal size measured after the experiment.

3. Numerical modelling of experiment

3.1. Model description

For the studies performed in this article, a previously developed
simulation software CZ-Trans was used [5]. It can perform axisym-
metric non-stationary simulations of the CZ crystal growth process. The
following physical phenomena are taken into account: (1) heat transfer
by conduction, (2) heat transfer by thermal radiation with view factor
approach, shapes of (3) the melt free surface, (4) crystallization inter-
face, and (5) crystal side surface.

To perform simulations with the software, an axisymmetric geo-
metry of the furnace was created with dimensions as shown in Fig. 2.
The material properties are listed in Table 1. The melting point of the
salt mixture is 815 K[7,8], the latent heat of fusion is 0.202 J/kg [11]
and the surface tension is 0.1 N/m [8]. However, the value for the
growth angle – i.e. between the melt meniscus and vertical direction
required for cylindrical growth – was not found in literature; the value
of 0° is currently applied in the model.

The CZ-Trans software does not consider radiative heat transfer
within the melt and crystal. To accommodate the additional radiative
heat losses from the crystallization interface due to the transparency of
the crystal, an additional heat flux density is introduced on the

crystallization interface. The applied heat flux density is assumed to be
lost (radiated) from the crystallization interface and transferred away
without absorption and reflection. This method is described in detail
and validated in [12].

Additionally, 3rd type boundary condition for the temperature field
is used on the crystal side surface to model the heat transfer due to
convective cooling. The applied heat exchange coefficient is
10 W/m ·K2 [13].

3.2. Initial conditions

The moment when the crystal puller is being enabled (see Section
2.2) was chosen as the first time instance for the transient simulation.
These conditions can be replicated in the CZ-Trans by setting up a
quasi-stationary simulation where a stable outwards growth of the
crystal is considered: the growth angle of 60°, the growth velocity on
the melt-crystal interface equal to the pull rate of 0.8mm/min. The
temperature field and phase boundaries for the initial state can be seen
in Fig. 2b.

3.3. Transient simulation results

A transient simulation was performed by applying a heater power
distribution that has the same functional shape as in the experiment
(Fig. 4). However, the absolute values of the power distribution had to
be reduced by a factor of two in order to achieve a crystal shape as
observed in the actual growth (Fig. 6). The resulting crystal shape, its
temperature field and FEM mesh can be seen in Fig. 7.

4. Conclusions

A small-scale laboratory CZ furnace for growing NaCl-RbCl salt
crystals has been successfully built. An image recognition software has
been developed for online measurements of the crystal size during an
experiment. This allows the implementation of automated crystal
growth control systems, i.e. future experiments with model-based
control.

The calculation software used primarily for the modelling of in-
dustrial-scale CZ silicon crystal growth process has been successfully

Fig. 5. Image processing steps for a successful optical online-detection of the
crystal size.

Table 1
Properties of materials shown in Fig. 2. Property notation as follows: ρ – den-
sity, cp – heat capacity, λ – thermal conductivity, ε – emissivity.

Property ρ cp λ ε Ref.
Unit kg/m3 J/kg·K W/m·K –

RbCl-NaCl Melt 2088 680 0.80 0.70 [7,8]
RbCl-NaCl Crystal 2800 510 1 0.90 [7,8]
Heater Coils 7150 460 100 0.70 [14]
Corundum Crucible 4000 1177 30 0.85 [11]
Ceramic Brick 575 1100 0.30 0.90 [15]
Ceramic Wool 320 1130 0.15 0.90 [16]
Cordierite Ceramic 2600 1460 3 0.80 [11]
Steel Casing 8000 500 50 0.10 [11]

Fig. 6. Comparison between simulation and experiment.
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applied to model the laboratory furnace. However, poor match between
the simulated and experimental crystal shape and heater power dis-
tribution was achieved.

Additional work is necessary to apply the CZ-Trans for the built
furnace and achieve sufficient precision of modelled parameters.
Namely, the third-type boundary conditions of the temperature field
must be introduced on the outer surfaces of the furnace geometry; air
convection and the created cooling is a considerable effect not present
with the industrial CZ equipment where hot furnace parts are located in
a vacuum chamber.

The presented simulations show that the applied model has pro-
mising applications for the development of a model-based controller for
the constructed laboratory furnace.
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